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Abstract. In this paper, we consider smooth convex approximations to the maximum
eigenvalue function. To make it applicable to a wide class of applications, the study is
conducted on the composite function of the maximum eigenvalue function and a linear
operator mapping IRm to Sn, the space of n-by-n symmetric matrices. The composite
function in turn is the natural objective function of minimizing the maximum eigenvalue
function over an affine space in Sn. This leads to a sequence of smooth convex mini-
mization problems governed by a smoothing parameter. As the parameter goes to zero,
the original problem is recovered. We then develop a computable Hessian formula of the
smooth convex functions, matrix representation of the Hessian, and study the regularity
conditions which guarantees the nonsingularity of the Hessian matrices. The study on
the well-posedness of the smooth convex function leads to a regularization method. Fi-
nally, we illustrate the theoretical results with a combinatorial application. Our study
strengthens the pioneer research of Lewis and Sendov [16] on twice differentiable spectral
functions in a sense that, although most of the known spectral functions are not twice
differentiable (not even differentiable), there are indeed many smooth spectral functions
arising from approximating the nonsmooth spectral functions.

Key words. Symmetric function, spectral function, Tikhonov regularization, matrix
representation.

AMS subject classifications. 49M45, 90C25, 90C33

1This work was supported by the Austrailan Research Council and the Research Grant Council of
Hong Kong.

2Operations Research Center, Massachustts Institute of Technology, 77 Massachusetts Avenue, Build-
ing E40-194. Cambridge, MA 02139, U.S.A. E-mail: xchen@mit.edu.

3School of Mathematics, the University of New South Wales, Sydney 2052, Australia. E-mail:
hdqi@maths.unsw.edu.au.

4Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong. E-mail: maqilq@polyu.edu.hk.

5Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon,
Hong Kong. E-mail: mateokl@polyu.edu.hk.



1 Introduction

Let Sn denote the space of n-by-n symmetric matrices endowed with the inner product
〈X, Y 〉 := tr(XY ) for any X, Y ∈ Sn. The maximum eigenvalue function is often defined
as the first component of the eigenvalue function λ : Sn → IRn, where for any X ∈ Sn,
λ(X) is the vector of eigenvalues of X in nonincreasing order, i.e., λ1(X) ≥ λ2(X) ≥ . . . ≥
λn(X). The minimization of the maximum eigenvalue function over various sets gives
rise to probably the most important class of eigenvalue optimization problems [14]. In
particular, the following problem which is to minimize the maximum eigenvalue function
in an affine subspace of Sn is an equivalent reformulation of the semidefinite programming
relaxation of some combinatorial problems, see Sec. 5. Let A0, A1, . . . , Am ∈ Sn be given,
and define an operator A : IRm → Sn by

Ay :=
m∑

i=1

yiAi, ∀y ∈ IRm.

Then the basic eigenvalue optimization problem we mentioned is given by

inf
y∈IRm

λ1(A(y)) (1)

where

A(y) := A0 +Ay (2)

For more discussion on the problem, see [14, 11, 18, 26]. In combinatorial applications in
[11], there is a linear term added to λ1(·). We will see later on, this linear term can be
viewed as a component of λ1(·). Hence the model we considered is sufficient for covering
this important class of applications.

It is well known that the eigenvalue function is usually not differentiable, which in-
evitably gives rise to extreme difficulties in extending classical optimization methods (of-
ten using the information of gradient and Hessian of objective functions) to eigenvalue
optimization problems, see [20]. Pioneer works conducted recently by Lewis within a very
general framework of spectral functions open ways in such extensions. A spectral function
is usually defined as a composite function of a symmetric function f : IRn → IR and the
eigenvalue function λ(·). A function f : IRn → IR is symmetric if f is invariant under
coordinate permutations, i.e., f(Pµ) = f(µ) for any µ ∈ IRn and P ∈ P, the set of all
permutation matrices. Hence the spectral function defined by f and λ can be written as
(f ◦ λ) : Sn → IR with (f ◦ λ)(X) = f(λ(X)) for any X ∈ Sn. It seems that the spectral
function, thought as a composition of λ(·) and a symmetric function, would inherit the
nonsmoothness of the eigenvalue function. However, according to the study of Lewis [13],
the smoothness of a spectral function depends only on the smoothness of f . In fact, Lewis
proved that (f ◦λ) is differentiable if and only if f is differentiable (we talk about Fréchet
differentiability throughout the paper.) Furthermore, Lewis and Sendov [16] proved that
(f ◦ λ) is twice (continuously) differentiable if and only if f is twice (continuously) differ-
entiable. And it is further conjectured for the general C(k) case. For modern nonsmooth
analysis of spectral functions, we refer to a celebrated paper [15] by Lewis.
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Although most of known spectral functions are not twice differentiable (not even dif-
ferentiable), we will soon see that the smooth approximation denoted by fε (ε > 0 in
general) to the nonsmooth function f gives rise to a smooth spectral function (fε ◦ λ),
which is a smooth approximation to the spectral function (f ◦ λ). For example, let

f(x) := max{x1, . . . , xn} (3)

Then
λ1(X) = (f ◦ λ)(X), ∀ X ∈ Sn.

A well known smoothing function to the maximum function (3) is the exponential penalty
function:

fε(x) := ε ln

(
n∑

i=1

exi/ε

)
, ε > 0. (4)

It is a C∞ convex function and has the following uniform approximation to f [4]:

0 ≤ fε(x)− f(x) ≤ ε lnn.

The penalty function sometimes called the aggregation function is used in a number of
occasions [2, 17, 30, 29, 9, 21, 24], In particular, Ben-Tal and Teboulle [2] studied this
function in view of the recession function of the maximum function (3), and further studies
along this line were conducted recently by Auslender [1] in a more general framework. As
a matter of fact, this function is one of nonseparable penalty functions in [1].

It is easy to see that the exponential penalty function is symmetric in IRn and the well
defined spectral function (fε ◦ λ) is a uniform approximation to λ1(·), i.e.,

0 ≤ (fε ◦ λ)(X)− λ1(X) ≤ ε lnn, ∀ ε > 0, X ∈ Sn. (5)

Moreover, (fε ◦ λ) is twice continuously differentiable. It remains to consider its compo-
sition with the affine mapping A(·). For ε > 0, define θε : IRm → IR by

θε(y) := (fε ◦ λ ◦ A) (y) = fε(λ(A(y))), ∀ y ∈ IRm.

The uniform approximation (5) implies

lim
ε→0

θε(y) = λ1(A(y)), ∀ y ∈ IRm.

Therefore it is natural to consider the following convex minimization problem with twice
continuously differentiable data:

min
y∈IRm

θε(y). (6)

Hence we arrive at a sequence of smooth functions which are uniform approximations to
the maximum eigenvalue function with the accuracy controlled by a smoothing parameter.
As the parameter goes to zero, the function λ(·) is recovered. The efficiency of numerical
methods for solving (6) depends on availability of information of its gradient and Hessian,
and efficiency of the way to calculate them. Another related question is the well-posedness
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of the problem (6) in the sense of the book by Dontchev and Zolezzi [6]. This leads us to
consider a regularized minimization method for solving (1).

The paper is organized as follows: In section 2, we recall the Hessian formula due to
Lewis and Sendov [16] for twice differentiable spectral functions. Moreover, we prove that
the gradient map of a spectral function (f ◦ λ) is continuous at X ∈ Sn if and only if
the symmetric function f : IRn → IR is continuously differentiable at λ(X). We stress
that the proof is interesting for its own as it can be revised to give a different yet simple
proof for Lewis-Sendov Hessian formula for twice differentiable spectral functions. In
section 3, we derive formulae for the gradient as well as for the Hessian of function θε, and
study their properties. In particular, we address the regularity conditions ensuring the
nonsingularity of the Hessian. We also develop a more explicit matrix representation of
the Hessian. The study on the well-posedness of the problem (6) leads to a regularization
method for solving (1) with convergence analysis in section 4. We illustrate in section
5 the theoretical results with a combinatorial application, which covers the semidefinite
programming relaxation of the max-cut problem. Finally, conclusions as well as some
possible future research topics are given in section 6.

Notation: Vectors in IRn are viewed as columns and capital letters such as X, Y et.al.
always denote matrices in Sn. For X ∈ Sn, we denote by Xij the (i, j)th entry of X. We
use ◦ to denote the Hadamard product between matrices, i.e.,

X ◦ Y = [XijYij]
n
i,j=1.

For X ∈ Sn, X � 0 means that X is positive definite. Let the operator diag : Sn → IRn

be defined by diag[X] := (X11, . . . , Xnn)T , while for µ ∈ IRn, Diag[µ1, . . . , µn] will denote
the diagonal matrix with its ith diagonal entry µi. Sometimes we write Diag[µ] instead of
diag[µ1, . . . , µn] for simplicity. Let P denote the set of all permutation matrices in IRn×n.
For any given µ ∈ IRn, Pµ denotes the stabilizer of µ defined by

Pµ := {P ∈ P| Pµ = µ}.

For any µ ∈ IRn and P ∈ P, we will frequently use the following fact.

Diag[Pµ] = PDiag[µ]P T .

Throughout, ‖ · ‖ denotes the Frobenius norm for matrices and the 2-norm for vectors.
For any x ∈ IRn, X ∈ Sn and any scalar γ > 0, we denote the γ-ball around X in Sn by

B(X, γ) := {Y ∈ Sn| ‖Y −X‖ ≤ γ}.

We let A∗ : Sn → IRm be the adjoint operator of the linear operator A : IRm → Sn defined
by (2) and satisfies for all (d, D) ∈ IRm × Sn

dTA∗D := 〈D,Ad〉.

Hence, for all D ∈ Sn,
A∗D = (〈A1, D〉, . . . , 〈Am, D〉)T .
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2 The formulae

Throughout this section, we let f : IRn → IR be a symmetric function, usually twice
differentiable. We will recall the formulae for the gradient and the Hessian of the twice
continuously differentiable spectral functions (f ◦ λ) : Sn → IR. Especially, we give an
elementary proof concerning the continuity of the gradient map. So far we have not found
a proof in the literature (it might be possible to prove the result following the approach
by Lewis and Sendov, the resulting proof however would be much more complicated than
ours.) It is also interesting to point out that the proof can be revised to give a different yet
simple proof for Lewis-Sendov Hessian formula for twice differentiable spectral functions.
First we review some useful perturbation results for the spectral decomposition of real
symmetric matrices. These results will be used in our proof below.

Let O denote the group of n × n real orthogonal matrices. For each X ∈ Sn, define
the set of orthonormal eigenvectors of X by

OX := {P ∈ O| P T XP = Diag[λ(X)]}.

Clearly OX is nonempty for each X ∈ Sn. The following lemma, proved in [5, Lemma 3]
using results from [27, pp. 92 and 250], gives a key perturbation result for eigenvectors of
symmetric matrices.

Lemma 2.1 For any X ∈ S, there exist scalars η > 0 and ε > 0 such that

min
P∈OX

‖P −Q‖ ≤ η‖X − Y ‖ ∀ Y ∈ B(X, ε), ∀Q ∈ OY . (7)

We will use the following preliminary result obtained from the symmetry of f .

Lemma 2.2 Let f be a symmetric function from IRn to IR. Then it holds that f is
differentiable at µ ∈ IRn if and only if f is differentiable at Pµ for any P ∈ P. In
this case, ∇f(Pµ) = P∇f(µ). If Pµ = µ, then ∇f(µ) = P T∇f(µ). Consequently,
(∇f(µ))i = (∇f(µ))j if µi = µj for some i, j ∈ {1, . . . , n}.

Proof. The if part is trivial by just letting P = I. Suppose f is differentiable at
µ ∈ IRn, i.e., ∇f(µ) exists. Fixing a P ∈ P, for any h ∈ IRn, we have

f(Pµ + h)− f(Pµ)− (P∇f(µ))Th = f(µ + P T h)− f(µ)−∇f(µ)T (P Th) = o(‖h‖).

The last equality above uses the (Fréchet) differentiability of f at µ. This proves that
∇f(Pµ) exists, and in particular, ∇f(Pµ) = P∇f(µ). This gives ∇f(µ) = P T∇f(µ) for
any P ∈ P satisfying Pµ = µ. The last result is a direct consequence by choosing P as

Pkl =




1 if (k = i, l = j) or (k = j, l = i)
1 if k = l but k 6= i, j
0 else

k, l = 1, . . . , n.

2

Now we recall the formula for the gradient of a differential spectral function which is
due to Lewis. But we were unable to find a proof in the literature for the continuity of
the gradient map.
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Proposition 2.3 Let f be a symmetric function from IRn to IR and X ∈ Sn. Then the
following hold:

(a) (f ◦ λ) is differentiable at point X if and only if f is differentiable at point λ(X).
In this case the gradient of (f ◦ λ) at X is given by

∇(f ◦ λ)(X) = UDiag[∇f(λ(X))]UT , ∀ U ∈ OX . (8)

More generally, the gradient of (f ◦ λ) has the following formula

∇(f ◦ λ)(X) = V Diag[∇f(µ)]V T , (9)

for any orthogonal matrix V ∈ O and µ ∈ IRn satisfying X = V Diag[µ]V T .

(b) (f ◦ λ) is continuously differentiable at point X if and only if f is continuously
differentiable at point λ(X).

Proof. (a) The formula (8) is discovered by Lewis [13, Thm. 1.1]. We only prove (9).
Fix any V ∈ O and µ ∈ IRn satisfying X = V Diag[µ]V T , there must exist P ∈ P such
that µ = Pλ(X). By Lemma 2.2 (a), we have

V Diag[∇f(µ)]V T = V Diag[∇f(Pλ(X))]V T

= V Diag[P∇f(λ(X))]V T = V PDiag[∇f(λ(X))]P TV T (10)

and

X = V Diag[µ]V T = V Diag[Pλ(X)]V T = V PDiag[λ(X)]P TV T . (11)

Apparently, U := V P ∈ OX . Then (10), (11) and (8) together imply (9).
(b) The part for the differentiability is contained in (a). We need only to prove the

part for the continuity. We note that by Lemma 2.1 there exists η > 0 and ε > 0 such
that (7) holds at X.

Suppose f is continuously differentiable at λ(X). Consider any Y ∈ B(X, ε) and any
Q ∈ OY . Then by (7), there exists P ∈ OX such that

‖P −Q‖ ≤ η‖Y −X‖.

This relation means that ‖P − Q‖ → 0 as Y → X. Then (8), λ(Y ) → λ(X) as Y → X,
and the continuity of ∇f at λ(X) together yield

∇(f ◦ λ)(Y )−∇(f ◦ λ)(X) = QDiag[∇f(λ(Y ))]QT − PDiag[∇f(λ(X))]P T

= QDiag[∇f(λ(Y ))−∇f(λ(X))]QT

+ (Q− P )Diag[∇f(λ(X))]QT + PDiag[∇f(λ(X))](Q− P )T

→ 0 as Y → X.

Thus ∇(f ◦ λ) is continuous at X.
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Suppose instead (f ◦λ) is continuously differentiable at X. Without loss of generality,
we assume that (f ◦λ) is differentiable in B(X, ε) (if necessary, shrinking ε). Fix Q ∈ OX .
Let h ∈ IRn and

H := QDiag[h1, . . . , hn]QT

so that λ(X)+h consists of eigenvalues of X +H . We note that (f ◦λ) is differentiable at
X + H whenever H ∈ B(X, ε). Equivalently, by (a) of this proposition, f is differentiable
at λ(X + H) whenever ‖h‖ ≤ ε. Lemma 2.2 implies that f is differentiable at λ(X) + h
since there exists P ∈ P satisfying λ(X) + h = Pλ(X + H). Moreover, any limit of P as
h → 0 belongs to Pλ(X). It follows from Lemma 2.1 that for any U ∈ OX+H there exists
V ∈ OX such that ‖U −V ‖ ≤ η and UT V → I as h → 0. Then the continuity of ∇(f ◦λ)
at X and the formula (8) yield

∇(f ◦ λ)(X) = lim
H→0

∇(f ◦ λ)(X + H)

= lim
H→0

UDiag[∇f(λ(X + H))]UT

= lim
h→0

UDiag[∇f(P T (λ(X) + h))]UT

= lim
h→0

UDiag[P T∇f(λ(X) + h)]UT

= lim
h→0

UP T Diag[∇f(λ(X) + h)]PUT .

Therefore

Diag[∇f(λ(X))] = V T∇(f ◦ λ)(X)V

= lim
h→0

V T UP T Diag[∇f(λ(X) + h)]PUT V.

Taking into account of the facts that UT V → I as h → 0 and any limit of P as h → 0 must
belong to Pλ(X), we have from the above relations that, any limit of Diag[∇f(λ(X) + h)]
must belong to the set

{
PDiag[∇f(λ(X))]P T | P ∈ Pλ(X)

}
.

For any P ∈ Pλ(X), we have from Lemma 2.2 that

PDiag[∇f(λ(X))]P T = Diag[P∇f(λ(X))] = Diag[∇f(Pλ(X))] = Diag[∇f(λ(X))].

Thus this set contains only one element Diag[∇f(λ(X))] so that

lim
h→0

Diag[∇f(λ(X) + h)] = Diag[∇f(λ(X))],

or equivalently limh→0∇f(λ(X) + h) = ∇f(λ(X)) establishing the continuity of ∇f at
λ(X). 2

In a recent paper [16], Lewis and Sendov found a formula for calculating the Hessian of
the spectral function (f◦λ), when it exists, via calculating the Hessian of f . This facilitates
the possibility of using second-order methods for solving the convex minimization problem
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which we will study later. Suppose that f is twice differentiable at µ ∈ IRn. Define the
matrix C(µ) ∈ IRn×n:

(C(µ))ij :=




0 if i = j
(∇2f(µ))ii − (∇2f(µ))ij if i 6= j and µi = µj

(∇f(µ))i − (∇f(µ))j
µi − µj

else.

(12)

It is easy to see that C(µ) is symmetric due to the symmetry of f . The following result is
proved by Lewis and Sendov [16, Thm. 3.3, 4.2].

Proposition 2.4 Let f : IRn → IR be symmetric. Then for any X ∈ Sn, it holds that
(f ◦ λ) is twice (continuously) differentiable at X if and only if f is twice (continuously)
differentiable at λ(X). Moreover, in this case the Hessian of the spectral function at X is

∇2(f ◦ λ)(X)[H ] = U
(
Diag[∇2f(λ(X))diag[H̃ ]] + C(λ(X)) ◦ H̃

)
UT , ∀H ∈ Sn (13)

where U is any orthogonal matrix in OX and H̃ = UT HU .

Remark. We stress that the formulae (8) and (13) do not depend on the particular
choice of U ∈ OX .

3 Smooth convex minimization problems

Through the rest of the paper, we let f be the maximum function defined by (3), fε be the
penalty function defined by (4), and θε be the merit function in the convex minimization
problem (6). The primal task in this section is to derive explicit formulae for the gradient
and the Hessian of θε so that the numerical methods for (6) can take advantage of those
information. We then discuss the regularity conditions ensuring the nonsingularity of the
Hessian of θε. Finally, we give a matrix representation for the Hessian.

3.1 Basic calculation

The following result is specialization of the results of [21, Lemma 7] and [24, Prop. 3.1]
on a general form of fε to the maximum function (3), and can also be calculated directly.

Lemma 3.1 The following results hold:

(a) For any ε1 > ε2 > 0, fε1(x) ≥ fε2(x) for all x ∈ IRn.

(b) The gradient of fε is given by

∇fε(x) = µ(ε, x) := (µ1(ε, x), . . . , µn(ε, x))T (14)

where for i = 1, . . . , n

µi(ε, x) =
exi/ε

n∑
j=1

exj/ε

∈ (0, 1] and
n∑

i=1

µi(ε, x) = 1. (15)
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(c) The Hessian of fε is given by

∇2fε(x) =
1

ε

(
Diag[µ(ε, x)]− µ(ε, x)(µ(ε, x))T

)
. (16)

It follows Proposition 2.3 that the spectral function (fε ◦ λ) is continuously differen-
tiable in Sn. We now relate the gradient of (fε ◦ λ) to the subdifferential of λ1(·) (it is
well known that λ1(·) is convex and hence its subdifferential is well defined at any point
X ∈ Sn.) In fact, it is shown in [19, Thm. 1] that

∂λ1(X) =
{
Q1Y QT

1 : Y ∈ Cr

}
(17)

where Q1 is an n × r matrix whose columns form an orthogonal basis of the eigenspace
associated with λ1(X) (it has dimension r), and Cr is the so-called spectraplex of Sr:

Cr := {V ∈ Sr : V is positive semidefinite, tr(V ) = 1} . (18)

The following result means that the gradient ∇(fε ◦ λ)(X) is an approximate element
with respect to ∂λ1(X).

Proposition 3.2 For any X ∈ Sn, we have

lim
ε→0

∇(fε ◦ λ)(X) ∈ ∂λ1(X).

Proof. Let X ∈ Sn and X = QDiag[λ(X)]QT , Q ∈ OX . Denote λ := λ(X) for
simplicity. Assume that X has multiplicity r of the largest eigenvalue λ1. Then the first r
columns of Q must form an orthogonal basis of the eigenspace associated with λ1. These
columns form a matrix, say Q1 ∈ IRn×r.

It follows from (8) and (14) that

∇(fε ◦ λ)(X) = QDiag[∇fε(λ)]QT = QDiag[µ(ε, λ)]QT ,

with

µi(ε, λ) =
eλi/ε

n∑
j=1

eλj/ε

=
e(λi−λ1)/ε

n∑
j=1

e(λj−λ1)/ε

.

Noticing that λ has multiplicity r of λ1 and λ1 is the largest element in λ, we obtain

lim
ε→0

µi(ε, λ) =

{
1
r i = 1, . . . , r
0 i = r + 1, . . . , n.

Therefore

lim
ε→0

∇(fε ◦ λ)(X) = QDiag[(
1

r
, . . . ,

1

r
, 0, . . . , 0)]QT =

1

r
Q1IrQ

T
1 ,
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where Ir is the identity matrix in Sr. Our result then follows from the characterization
(17) and (18) of subdifferential of λ1(·) at X. 2

The next step is to develop the formulae for the gradient and the Hessian of θε.
Viewed as the composition of the twice differentiable spectral function (fε ◦ λ) and the
affine mapping A(·) : IRm → Sn, it seems that we can use the chain rule to obtain the
formulae from (8) and (13). We stress however that it is not straightforward to use the
chain rule particularly due to the special formulation of the Hessian formula (13) of twice
differentiable spectral functions. So we give a complete characterization of the formulae
in the next result.

Proposition 3.3 Let ε > 0 be given. Then the followings hold:

(a) The function θε(·) : IRm → IR is continuously differentiable, and the gradient of θε(·)
at y ∈ IRm is given by

∇θε(y) = A∗
(
U(Diag[∇fε(λ(A(y)))])UT

)
, ∀ U ∈ OA(y).

(b) The function θε(·) : IRm → IR is twice continuously differentiable, and the Hessian
of θε(·) at y ∈ IRm is given by

∇2θε(y)[h] = A∗
(
∇2(fε ◦ λ)(A(y))[Ah]

)
, ∀ h ∈ IRm

where

∇2(fε ◦ λ)(A(y))[Ah] = U
(
Diag[∇2fε(λ(A(y)))diag[H̃]] + C ◦ H̃

)
UT (19)

and U is any orthogonal matrix in OA(y), H = Ah, H̃ = UT HU , and C =
C(λ(A(y))) is defined as in (12) with f replaced by fε.

Proof. (a) Let y ∈ IRm be given. It follows from Proposition 2.3 (a) that (fε ◦ λ) is
differentiable at A(y). Then for any h ∈ IRm we have

θε(y + h)− θε(y) = (fε ◦ λ ◦ A)(y + h)− (fε ◦ λ ◦ A)(y)

= (fε ◦ λ)(A(y + h))− (fε ◦ λ)(A(y))

= (fε ◦ λ)(A(y) +Ah)− (fε ◦ λ)(A(y))

= 〈∇(fε ◦ λ)(A(y)),Ah〉+ o(‖h‖)

=
m∑

i=1

〈∇(fε ◦ λ)(A(y)), Aihi〉+ o(‖h‖)

=
m∑

i=1

hi〈∇(fε ◦ λ)(A(y)), Ai〉+ o(‖h‖)

= 〈A∗ (∇(fε ◦ λ)(A(y))) , h〉+ o(‖h‖).

Hence, (8) gives

∇θε(y) = A∗ (∇(fε ◦ λ)(A(y))) = A∗
(
U(Diag[∇fε(λ(A(y)))])UT

)

10



where U is any orthogonal matrix in OA(y). From above, we see that the continuity of
∇θε depends on the continuity of ∇(fε ◦ λ)(A(·)). Hence, the continuity of ∇(fε ◦ λ)(·)
(Proposition 2.3 (b)) and the continuity of A(·) imply the continuity of ∇θε(·).

(b) It is proved in (a) that θε is continuously differentiable. Also we note from Propo-
sition 2.4 that (fε ◦ λ) is twice continuously differentiable since fε is twice continuously
differentiable. Hence, for any y, h ∈ IRm, we have

∇θε(y + h)−∇θε(y) = A∗ (∇(fε ◦ λ)(A(y) +Ah)−∇(fε ◦ λ)(A(y)))

= A∗
(
∇2(fε ◦ λ)(A(y))[Ah]

)
+ o(‖h‖)

and ∇2(fε ◦λ)(A(y))[Ah] is given in (19). It is easy to see that the operator ∇2θε : IRm →
Sm given by

∇2θε(y)[h] := A∗
(
∇2(fε ◦ λ)(A(y))[Ah]

)
, ∀ h ∈ IRm

is linear (it is also easy to prove the operator is symmetric). By the definition of Fréchet
differentiability, we know that θε is twice differentiable and it has the Hessian formula as
given in (b). Moreover, from the formula, we see that the continuity of ∇2θε depends on
the continuity of the Hessian of the spectral function (fε ◦ λ), which has been stated in
Proposition 2.4. This completes our proof. 2

We now develop a more explicit formula for calculating ∇θε(y). Let U ∈ OA(y) and
define

Ãi := UT AiU, i = 1, . . . , m.

Let z := λ(A(y)) and µ := µ(ε, z) (cf. (15)), then

〈Ai, U(Diag[∇fε(λ(A(y)))])UT 〉 = 〈UT AiU, Diag[µ]〉 = µTdiag[Ãi].

We further let W ∈ IRn×m with its ith column given by the vector diag[Ãi], i.e.,

W (:, i) := diag[Ãi], i = 1, . . . , m. (20)

Then taking into account of the formula of ∇θε(y) in Proposition 3.3 (a), we have

∇θε(y) = W Tµ. (21)

In the next two subsections, we will pay attention to the Hessian of θε, study its nonsin-
gularity and develop a matrix representation for it.

3.2 Nonsingularity

The nonsingularity of the Hessian matrix ∇2θε(y) plays a very important role in Newton-
type methods for solving the (smooth) convex problem (6). It is clear to see that the
Hessian matrix is split into two parts, namely

∇2θε(y) = T1(y) + T2(y)

11



where T1, T2 : IRm → Sn are defined respectively by

T1(y)[h] := A∗
(
U(Diag(∇2fε(λ(A(y)))diag[H̃ ]))UT

)
, ∀ h ∈ IRm

T2(y)[h] := A∗
(
U(C ◦ H̃)UT

)
, ∀ h ∈ IRm

where U ∈ OA(y), H = Ah, H̃ = UT HU and C is defined by C(λ(A(y))) as in (12) with f
being replaced by fε. An implicit fact used in the above definitions is the independence
of the choice of U ∈ OA(y). Since θε is convex, ∇2θε is positive semidefinite. We will see
that it can be split into two positive semidefinite operators, i.e., T1 and T2. If one of them
is positive definite, so is ∇2θε. This provides a way to study the nonsingularity of ∇2θε.

Proposition 3.4 Let T1 and T2 be defined as above, then both of them are positive
semidefinite operators. And ∇2θε(y) is positive definite iff the matrices A1, . . . , Am are
linearly independent and I 6∈ Range(A), where Range(A) = {Ah|h ∈ IRm} and I is the
identity matrix.

Proof. We first prove the positive semidefiniteness of T1(·). It suffices to show that
for any given y ∈ IRm

〈h, T1(y)[h]〉 ≥ 0, ∀ h ∈ IRm.

It is straightforward to see

〈h, T1(y)[h]〉 = 〈h,A∗
(
U(Diag(∇2fε(λ(A(y)))diag[H̃ ]))UT

)
〉

= 〈Ah, U(Diag(∇2fε(λ(A(y)))diag[H̃]))UT 〉
= 〈UT (Ah)U, Diag(∇2fε(λ(A(y)))diag[H̃ ])〉
= (diag[H̃ ])T∇2fε(λ(A(y)))diag[H̃ ]

≥ 0.

The last inequality used the semidefiniteness of ∇2fε(·) as fε is a convex function.
Now we prove T2 is positive semidefinite. For simplicity, we let z := λ(A(y)). Then

taking into account of Lemma 3.1 and (12), we obtain

C = C(z) =




0 if i = j
1
εµi(ε, z) if i 6= j, zi = zj

µi(ε, z)− µj(ε, z)
zi − zj

if zi 6= zj .

(22)

Here we used the relation

(∇2fε(z))ii = µi(ε, z)− (µi(ε, z))2, (∇2fε(z))ij = −µi(ε, z)µj(ε, z)

and µi(ε, z) = µj(ε, z) if zi = zj and µi(ε, z) > µj(ε, z) if zi > zj . Thus, Cij ≥ 0 for all
i, j = 1, . . . , n. We also note that for any B, C, D ∈ Sn it is easy to verify that

〈B, C ◦D〉 = 〈C, B ◦D〉 = 〈D, B ◦ C〉.

12



Using this and the nonnegativity of all elements of C, we have for any h ∈ IRm

〈h, T2(y)[h]〉 = 〈h,A∗
(
U(C ◦ H̃)UT

)
〉

= 〈Ah, U(C ◦ H̃)UT 〉
= 〈UT (Ah)U, C ◦ H̃〉
= 〈H̃, C ◦ H̃〉
= 〈C, H̃ ◦ H̃〉

=
n∑

i=1

n∑
j=1

(Cij)(H̃ij)
2 ≥ 0.

This proves the semidefiniteness of T2.
From the above argument, we see that ∇2θε(y) is positive semidefinite and it is pos-

itive definite iff there exist no nonzero h such that 〈h, T1[h]〉 = 〈h, T2[h]〉 = 0. Now note
that 〈h, T1[h]〉 = 0 iff H̃ = ρI for some ρ ∈ IR due to the special structure of ∇2fε , and
〈h, T2[h]〉 = 0 iff H̃ij = 0 for i 6= j since Cij > 0 for i 6= j. Hence ∇2θε[h] = 0 for nonzero
h ∈ IRm iff H̃ = ρI for some ρ 6= 0. The possibility of ρ = 0 is removed by the linear
independence of the matrices A1, . . . , Am. But H̃ = ρI is equivalent to I ∈ Range(A).
Thus we complete the proof. 2

The condition I 6∈ Range(A) is not restrictive as it looks like. In fact, it can be
dropped from the statement by using a transformation procedure below, as long as the
problem (1) has a solution. To see this, we first present a lemma which is also useful in
a regularization method proposed in the next section. Let

ν := inf
y∈IRm

λ1(A(y)).

Lemma 3.5 The optimal value ν is finite iff λ1(Ay) ≥ 0 for any y ∈ IRm. Moreover, the
solution set of the problem (1), denoted by Ω0, is nonempty and bounded iff λ1(Ay) > 0
for any 0 6= y ∈ IRm.

Proof. If there exists one y ∈ IRm such that λ1(Ay) < 0, then λ1(A(ty)) → −∞ as
t →∞, therefore ν = −∞. On the other hand, if ν = −∞, there must exist an y ∈ IRm

such that λ1(Ay) < 0.
Now we prove the second part. The “if” direction is easy as the level set of the problem

(1)

L(α) := {y ∈ IRm| λ1(A(y)) ≤ α}

with α = λ1(A0) is nonempty and compact. So we only prove the “only if” direction.
Suppose that there is y∗ ∈ Ω0 and Ω0 is bounded. It follows from the first part of the
lemma, λ1(A(y)) ≥ 0 for any y ∈ IRm. If λ1(Ay) = 0 for some 0 6= y ∈ IRm, then for any
t ≥ 0,

λ1(A(y∗ + ty)) = λ1(A(y∗) + tAy) ≤ λ1(A(y∗)) + tλ1(Ay) = λ1(A(y∗)).

13



If the equality holds for all t ≥ 0, then y∗ + ty ∈ Ω0 for all t ≥ 0, contradicting the
boundedness of Ω0. Therefore, we must have

λ1(A(y∗ + t∗y) < λ1(A(y∗))

for some large t∗ > 0. That is, y∗+ t∗y is a point which yields a value less than that given
by y∗, and hence y∗ could not be a solution of (1), a contradiction. This finishes the proof
for the “only if” part 2

If A0 � 0, i.e., A0 is positive definite, then A(y) � Ay, therefore λ1(A(y)) > λ1(Ay).
If in addition ν is finite, then we have ν > 0 which follows from Lemma 3.5. So from
now on, we can assume A0 � 0 without loss of generality; otherwise, we can change A0

to A0 + ρI such that the latter matrix is positive definite, while the optimal solution set
is the same. With the assumption that A0 � 0, we know ν > 0 or ν = −∞.

Now we can augment Ai ∈ Sn to Āi ∈ Sn+1 for all i as follows:

Āi =

(
Ai 0
0T 0

)
.

Consider a new eigenvalue optimization problem:

ν̄ := inf
y∈IRm

λ1(Ā(y))

where

Ā(y) := Ā0 + Āy = Ā0 +
m∑

i=1

Āiyi.

We can see that ν̄ = ν if ν > 0 and ν̄ = 0 if ν = −∞ with the assumption A0 � 0. Now
using the exponential penalty function to the new problem and suppress the constant
eigenvalue 0 of Ā(y), we have

f̄ε(y) = ε ln(1 +
n∑

i=1

eyi/ε).

Note that f̄ε is an approximation of

f̄(y) = max{0, y1, · · · , yn}.
Define

θ̄ε(y) := f̄ε(λ1(A(y))).

We know that the Hessian of θ̄ε is positive definite everywhere following the proof of
Proposition 3.4 if {A1, . . . , Am} are linearly independent. In the above statement, we
have used an obvious fact: In+1 6∈ Range(Ā).

It is clear that the augmentation step is only a process for understanding that what
matters the problem (6) is the linear independence condition as long as the original prob-
lem has a solution. In some cases, it is easy to remove some matrices from A1, . . . , Am

so that they become linearly independent. We will see this happens in our combinatorial
applications. However, in some other cases, it is sometimes hard to detect the linear inde-
pendence. For the latter case, in the next section, we will use a regularization technique
to enforce the problem (6) to be well-posed.

14



3.3 Matrix representation

It is ideal to have a matrix representation V ∈ Sm for ∇2θε(y) so that for any h ∈ IRm,

∇2θε(y)[h] = V h. (23)

Whence the Newton equation
V h = −∇θε(y)

can be solved in a number of ways [10]. To this end, let U ∈ OA(y) be used in the
definitions of T1 and T2, and recall that

Ãi := UT AiU i = 1, . . . , m.

Note that

H̃ = UT (Ah)U = UT (
m∑

j=1

Ajhj)U =
m∑

j=1

Ãjhj.

Let matrix W ∈ IRn×m be defined by (20). Then

diag[H̃ ] = diag[
m∑

j=1

Ãjhj ] = Wh.

For simplicity, further let B := ∇2fε(λ(A(y))). It follows that for i = 1, . . . , m

(T1(y)[h])i = 〈Ai, U(Diag(Bdiag[H̃ ]))UT 〉
= 〈UT AiU, Diag[BWh]〉
= 〈Ãi, Diag[BWh]〉

=
n∑

j=1

(Ãi)jj(BWh)j.

Putting in matrix form, we have

T1(y)[h] =
(
W TBW

)
h. (24)

Now we consider the linear operator T2. For i = 1, . . . , m, we have

(T2(y)[h])i = 〈Ai, U(C ◦ H̃)UT 〉
= 〈UT AiU, C ◦ H̃〉
= 〈Ãi, C ◦ H̃〉
= 〈H̃, Ãi ◦ C〉

=
m∑

j=1

〈Ãj, Ãi ◦ C〉hj

=
m∑

j=1

〈C, Ãi ◦ Ãj〉hj .
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Putting in matrix form, we then have

T2(y)[h] = Mh, (25)

where M ∈ Sm is defined by

Mij := 〈C, Ãi ◦ Ãj〉 i, j = 1, . . . , m. (26)

Putting (24) and (25) together, we have the matrix representation (23) with V ∈ Sm

given by
V := W T BW + M. (27)

Proposition 3.4 implies that both the matrix W TBW and M are positive semidefinite.
In fact the positive semidefiniteness of W TBW follows directly from that of B since B
is always positive semidefinite (not positive definite), see the structure of B in (15). We
restate Proposition 3.4 in terms of V .

Proposition 3.6 Let V be defined as above depending on given y ∈ IRm. Then

∇2θε(y) = V.

Moreover, if V is positive definite iff the matrices A1, . . . , Am are linearly independent
and I 6∈ Range(A).

To see clearly the implication of Proposition 3.6, let us consider the simplest case that
A(y) has multiplicity one of the largest eigenvalue, i.e., λ1(A(y)) > λ2(A(y)). In this case,
the function λ1(A(·)) is twice continuously differentiable. After calculation by using the
formula (13) and repeating similar arguments as for the operator T2, we see that

∇2λ1(A(y)) = M

where M is defined as in (26) with C replaced by

C :=




0 1
λ1 − λ2

1
λ1 − λ3

· · · 1
λ1 − λn

1
λ1 − λ2

0 0 · · · 0

1
λ1 − λ3

0 0 · · · 0
...

...
...

. . .
...

1
λ1 − λn

0 0 · · · 0




and λi := λi(A(y)), i = 1, . . . , n. We stress that M is independent of choice of U ∈ OA(y)

due to the structure of C. Then conditions ensuring the nonsingularity of M becomes
the same conditions which guarantees the nonsingularity of the Hessian of λ1(A(·)) at y,
which is the case for optimization problems with twice continuously differentiable data.

However, for the degenerate case, i.e., A(y) has multiplicity r (r > 1) of the largest
eigenvalue, the situation becomes a bit complicated. For simplicity, let again z := λ(A(y)).
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Hence, zi = λ1(A(y)) for i = 1, . . . , r. We are interested in the case where ε is small. It
follows from (15) that

lim
ε→0

µi(ε, z) =

{
1
r i = 1, . . . , r
0 i = r + 1, . . . , n.

We observe from (22) that some elements of C grow to infinity as ε approaches to zero.
The same problem occurs with the matrix ∇2fε(y). Fortunately, those two matrices are
well scaled, i.e., they are magnitude of 1/ε. Let C0,D0 ∈ Sn be defined by

C0 :=

(
C 0
0 0

)
and D0 :=

(
D 0
0 0

)

where C := 1
r (Er − Ir), D := 1

r2 (rIr − Er), and Er is the matrix of all ones in Sr and Ir

is the identity matrix in Sr. It is easy to see from (22) and (16) that

lim
ε→0

εC = C0 and lim
ε→0

ε∇2fε(y) = D0. (28)

The limits in (28) mean that eventually the eigenvectors corresponding to the largest
eigenvalue of A(y) dominate the Hessian of θε(y) as ε goes to zero.

4 A regularization method

In previous sections, we have seen that the function θε(·) is well conditioned in the sense
that it is twice continuously differentiable and strictly convex given the linear indepen-
dence condition. Moreover, we have

lim
ε→0

θε(y) = λ1(A(y)), ∀y ∈ IRm.

This suggests that, instead of minimizing the nondifferentiable function λ1(A(·)), we can
minimize the well conditioned function θε(·), and let ε go to zero. A crucial question to
this approach is that if any selection of the minimizers of θε(·) converges to the set of
minimizers of λ1(A(·)) as ε goes to zero. To answer this question, we apply Auslender’s
general penalty approach [1] to our problem (1) of minimizing the maximum eigenvalue
function over an affine space.

Recall that the recession function of the max-function (3) is (see Example (ii) of [1,
Introduction])

h(x) := ln

(
n∑

i=1

exi

)
, ∀ x ∈ IRn.

Then the smoothing function fε defined by (4) can be obtained by

fε(x) = εh(x/ε).

For simplicity, let g : IRm → IRn

g(y) := (λ ◦ A)(y) = λ(A(y)),
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and the components of g be given respectively by

gi(y) := λi(A(y)) = (λi ◦ A)(y), i = 1, . . . , n.

We then have
θε(y) = εh(g(y)/ε).

For each i = 1, . . . , n and y ∈ IRm, the recession function of gi, denoted by (gi)∞, is
defined by (see, [1, (2.1)]

(gi)∞(y) := inf

{
lim inf

k→∞
gi(tkyk)

tk
: tk → +∞, yk → y

}
.

Let
g∞(y) := ((g1)∞(y), . . . , (gn)∞(y)) , ∀ y ∈ IRm.

A general convergence result of Auslender [1, Thm. 2.3], which in our case concerns the
convergence of any selection of the minimizers of θε(·) to the solution set of the minimizers
of λ1(A(·)), involves the condition

h(g∞(y)) > 0, ∀ 0 6= y ∈ IRm. (29)

The other assumptions of [1, Thm. 2.3] are automatically satisfied in our case.

Lemma 4.1 Suppose that the solution set of (1), denoted by Ω0, is nonempty and bounded.
Then (29) is satisfied for all 0 6= y ∈ IRm.

Proof. Let 0 6= y ∈ IRm be given, and let tk → +∞ and yk → y. We have

(λi ◦ A)(tkyk)/tk = λi(A(tkyk))/tk = λi(A0 + tkAyk)/tk = λi(A0/tk +Ayk).

Hence
(gi)∞(y) = lim

k→∞
λi(A0/tk +Ayk) = λi(Ay).

Therefore, we have
h(g∞(y)) = λ1(Ay).

Then Lemma 3.5 implies (29) for all 0 6= y ∈ IRm since Ω0 is nonempty and bounded. 2

Now we are ready to specialize to our problem a general convergence result for penalty
and barrier methods due to Auslender [1, Thm. 2.3] (all assumptions except (2.7) of this
theorem are automatically satisfied with our problem, and (2.7) is verified in Lemma 4.1).

Theorem 4.2 Suppose that the solution set Ω0 of problem (1) is nonempty and compact.
Then the solution set Ωε of problem (6) is also nonempty and compact for any ε >
0. Moreover, every selection yε ∈ Ωε stays bounded with all its limit points in Ω0. In
particular, if the matrices A1, . . . , Am are linearly independent, then for every ε > 0 the
minimization problem (6) is strictly convex, admits a unique solution yε, and

lim
ε→0

dist(yε, Ω0) = 0

where dist denotes the distance of yε to Ω0.
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The boundedness condition on the solution set cannot be dropped in the theorem.
Here is an example: Let n = 2, m = 1, A0 = Diag[0, 0] and A1 = Diag[0, 1]. Then the
solution set of the eigenvalue optimization problem is {x ∈ IR| x ≤ 0}, which is obviously
unbounded. However, for any ε > 0,

θε(x) = ε ln(1 + ex/ε),

and hence the convex minimization problem (6) has no solution. In this example, the
linear independence condition holds. On the one hand, the linear independence increases
the solvability of the smooth problem (6) as it is strictly convex. However, sometimes
it is very difficult to check the linear independence. On the other hand, the linear inde-
pendence sometimes is not sufficient to guarantee the solvability of the smooth problem.
To overcome these difficulties, we consider the so-called Tikhonov regularization of the
problem (6):

min
y∈IRm

θ̂ε(y), (30)

where

θ̂ε(y) := θε(y) +
1

2
‖y‖2, ∀ y ∈ IRm.

Since θε(·) is convex for any ε > 0, θ̂ε(·) is strongly convex, and hence the problem (30)
always has a (unique) solution and is well-posed in the sense of Dontchev and Zolezzi
[6]. The Tikhonov regularization has been extensively studied in the book [6] and been
successfully used to study complementarity problems and variational inequalities by a
number of authors recently [7, 8, 22, 23, 25, 28]. The following result concerning the con-
vergence of the solution sequence of the regularized problem (30) can be proved similarly
as that for [1, Thm. 2.3] by using Lemma 4.1.

Theorem 4.3 The smooth problem (30) has always a unique solution yε for any ε > 0,
and the solution sequence {yε}ε>0 remains bounded and the distance between yε and Ω0

approaches zero as ε → 0 providing Ω0 is nonempty and bounded.

Our regularization method based on Theorem 4.3 can be stated as follows.

Algorithm 4.4 (A regularization method)

(S.1) Let {ε1, ε2, . . .} be a given sequence decreasing to zero. Let y0 ∈ IRm be given. Set
k := 1.

(S.2) Using an unconstrained convex minimization method with initial point yk−1 to find
the unique solution of the problem (30) with ε = εk.

(S.3) Repeat (S.2) until a termination criterion is satisfied.

Remark. Although the problem (30) is well-posed for each εk > 0, we stress that
sometimes it is not an easy task to find the exact solution of (30). Fortunately, it is possible
to design an iterative algorithm based on Algorithm 4.4 by exploiting the regularization
term of (30) as done in [23, 28] for box variational inequalities and complementarity
problems. It is beyond the scope of the current paper to design such an algorithm with
convergence analysis. We will leave it with future research.
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5 A combinatorial application

In this section, we will illustrate the theory developed so far with a combinatorial applica-
tion. After formulating the combinatorial problem as the standard eigenvalue optimization
problem (1), we emphasize two aspects of the application: Firstly, we verify that the two
regularity conditions in Proposition 3.6 are satisfied so that the smooth convex problem
(6) is strictly convex. Secondly, we obtain a more explicit formula for calculating the Hes-
sian matrix. This strengthens the theoretical study of Lewis and Sendov [16] in a sense
that, although the general Hessian formula for twice differentiable spectral functions is a
bit complicated, it has much simpler counterparts in some real applications.

Our application starts with the eigenvalue optimization reformulation of the quadratic
programming in {−1, 1} variables

max xT Cx s.t.x ∈ {−1, 1}n. (31)

In the case that C is the Laplace matrix of a (possibly weighted) graph, the problem is
known to be equivalent to the max-cut problem. Note that

tr(xT Cx) = tr(CxxT ) := 〈C, X〉,

and for all {−1, 1}n vectors, xxT is positive semidefinite matrix with all diagonal elements
equal to 1, which also implies tr(xxT ) = n, so the semidefinite relaxation of (31) is as
follows (with the redundant constraint tr(X) = n)

max 〈C, X〉
s.t. diag(X) = e

tr(X) = n
X � 0.

(32)

Here e is the vector of all ones in IRn (noticing that e in previous sections denotes the ex-
ponential function always with a power, so there should be no ambiguity). By considering
its dual problem, (32) is equivalent to the following eigenvalue optimization problem

min
y∈IRn

nλ1(C − Diag[y]) + eT y.

See [11, Sects. 2, 7] for detailed arguments. This eigenvalue optimization problem can be
transformed into the standard form

min
y∈IRn

λ1(A0 +
n∑

i=1

Aiyi) (33)

with A0 = nC, Ai = −nEi + I, i = 1, . . . , n and Ei ∈ Sn is the zero matrix with the
exception of the ith diagonal element equal to 1. It is easy to see

n∑
i=1

Ai = 0,
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which means linear dependence of the matrices {A1, . . . , An}. However, the matrices
{A1, . . . , An−1} are linearly independent. To see this, let h ∈ IRn−1 satisfy

n−1∑
i=1

Aihi = 0.

Simple calculation yields that h1 = h2 = . . . = hn−1 = 0. So problem (33) is equivalent
to the following problem in IRn−1:

min
y∈IRn−1

λ1(A0 +
n−1∑
i=1

Aiyi) (34)

Now we verify that I does not belong to the range of A, i.e.,

I 6∈ Range(A) := {
n−1∑
i=1

Aihi| h ∈ IRn−1}.

Suppose that there is h ∈ IRn−1 satisfying

Ah = I,

which means {
−nhj +

∑n−1
i=1 hi = 1, j = 1, . . . , n− 1∑n−1
i=1 hi = 1.

Hence, h1 = h2 = . . . = hn−1 = 0, contradicting the last equality of the above system.
Then it follows from Proposition 3.4 that the function θε when applied to the problem
(34) is strictly convex and its Hessian is positive definite everywhere. Moreover, the
computational formulae of the gradient and the Hessian become much simple, partially
due to the sparse structure of Ai’s.

Recall from the problem (34) that

m = n− 1, A0 = nC, Ai = −nEi + I

where C is the matrix associated with the problem (31). Hence A(y) = A0 +
∑m

i=1 Aiyi.
Given y ∈ IRn−1, we first have a spectral decomposition

UT (A(y))U = λ(A(y)). (35)

As a matter of fact, U can be chosen satisfying

UT CyU = λ(Cy), Cy := C − Diag[(yT , 0)]

and hence

λ(A(y)) = nλ(Cy) +

(
n−1∑
i=1

yi

)
e.

For each i = 1, . . . , n− 1, we have

Ãi = UT AiU = −nUT EiU + I = −n(U(i, :))T U(i, :) + I

21



where U(i, :) denotes the ith row vector of U . Hence

diag(Ãi) = −n




(U(i, 1))2

...
(U(i, n))2


+ e.

The matrix W defined by (20) is given by

W = −n (U(1 : m, :) ◦ U(1 : m, :))T + Em
n ,

where U(1 : m, :) is a matrix consisting of the first m columns of U , and Em
n is the n×m

matrix of all ones. Again let z := λ(A(y)) and µ := µ(ε, z) (cf. (15)). Then it follows
from (21) that

∇θε(y) = −n (U(1 : m, :) ◦ U(1 : m, :))µ + e

= −nW T
0 (µ− e/n) (36)

where we used

W0 := (U(1 : m, :) ◦ U(1 : m, :))T ,
n∑

i=1

µi = 1 and
n∑

j=1

(U(i, j))2 = 1, ∀i = 1, . . . , m.

We now use (27) to simplify the calculation of the Hessian of θε. With the notion
above, we further let

B := ∇fε(λ(A(y))) =
1

ε

(
Diag[µ]− µµT

)
.

It is easy to verify that

BEm
n =

1

ε

(
Diag[µ]− µµT

)
Em

n = 0,

which implies

W T BW = (−nW0 + Em
n )T B(−nW0 + Em

n )

= n2W T
0 BW0 − 2nW T

0 BEm
n + En

mBEm
n

= n2W T
0 BW0. (37)

We now come forward to calculate M defined in (26). With C = C(z) defined by (22) and
Ẽi = UT EiU , we have

Ãi = −nẼi + I and C ◦ Ãi = −n(C ◦ Ẽi)

since the diagonal elements of C are zeros. Then, for i, j = 1, . . . , m, we have

Mij = 〈C, Ãi ◦ Ãj〉
= 〈C ◦ Ãi, Ãj〉
= −n〈C ◦ Ẽi, −nẼj + I〉
= n2〈C ◦ Ẽi, Ẽj〉 (38)

where the last equality used the fact that the diagonal elements of (C ◦ Ẽi) are zeros.
Hence it is easy to calculate the gradient and the Hessian of θε according to (36)-(38).
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6 Conclusions and future research

In this paper, we studied smooth convex approximations to the maximum eigenvalue
function. To make it applicable to a wide class of applications, the study are conducted
on the composite function of the maximum eigenvalue function and a linear operator
mapping IRm to Sn, which in turn is the natural objective function of minimizing the
maximum eigenvalue function over an affine space in Sn. This leads us to a sequence
of smooth convex minimization problems governed by a smoothing parameter. As the
parameter goes to zero, the original problem is recovered. Many efforts are then given
on deriving a computable Hessian formula of the smooth convex functions, and on the
regularity conditions which guarantees the nonsingularity of the Hessian matrices. We
also proposed a regularization technique ensuring the well-posedness of the smooth convex
problems. In our combinatorial applications, we obtained much more explicit formulae
for calculating the gradient and the Hessian of the corresponding convex functions, and
verified the regularity conditions.

Our study strengthens the pioneer research of Lewis and Sendov [16] on twice differ-
entiable spectral functions in a sense that, although most of the known spectral functions
are not twice differentiable (not even differentiable), there are indeed many smooth spec-
tral functions arising from approximating nonsmooth spectral functions, as verified in
this paper. More interestingly, the gradient and the Hessian are easy to obtain for these
smooth approximations. This could lead to a class of numerical methods for minimizing
the maximum eigenvalue function over an affine space. The regularization method pro-
posed in this paper is only the beginning toward this purpose. It is possible to design
an iterative method based on Algorithm 4.4 and conduct numerical tests. We leave this
in future research. Finally we point out that the proof for the continuity of the gradient
map in Proposition 2.3 (b) can be revised to give a different yet simple proof for the
Lewis-Sendov Hessian formula [16, Thm. 3.3].
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